Introduction
Bessel function first arises in the investigation of a physical problem in Daniel Bernoulli's analysis of the small oscillations of a uniform heavy flexible chain [26, 37] . It appears when finding separable solutions to Laplace's equation and the Helmholtz equation in cylindrical or spherical coordinates. Whereas Laplace's equation governs problems in heat conduction, in the distribution of potential in an electrostatic field and in hydrodynamics in the irrotational motion of an incompressible fluid [26, 29, 31, 37, 40] , Helmholtz equation governs problems in acoustic and electromagnetic wave propagation [31, 32, 51] . Besides, Bessel function and modified Bessel function play an important role in the analysis of microwave and optical transmission in waveguides, including coaxial and fiber [33, 39, 53] . Also, Bessel function appears in the inverse problem in wave propagation with applications in medicine, astronomy and acoustic imaging [17] . On the other hand, spherical Bessel function arises in all problems in three dimensions with spherical symmetry involving the scattering of electromagnetic radiation [9, 31, 36] . In quantum mechanics, it comes out in the solution of the Schrödinger wave equation for a particle in a central potential [44] . Therefore, Bessel function is crucially important for many problems of wave propagation and static potentials. When in solving problems in cylindrical coordinate system, one obtains Bessel function of an integer order, in spherical problems one obtains half-integer orders such as electromagnetic waves in a cylindrical waveguide, pressure amplitudes of inviscid rotational flows, heat conduction in a cylindrical object, modes of vibration of a thin circular (or annular) artificial membrane, diffusion problems on a lattice, solutions to the radial Schrödinger equation (in a spherical and cylindrical coordinates) for a free particle, solving for patterns of a acoustical radiation, frequency-dependent friction in circular pipelines, dynamics of floating bodies, angular resolution. Also, it appears in other problems such as signal processing , frequency modulation synthesis, Kaiser window or Bessel filter. While Bessel function has wide range of applications in mathematical physics such as acoustics, radio physics, hydrodynamics, atomic and nuclear physics, Bessel-Clifford function comes out asymptotic expressions for the Dirac delta function [30] . Regular and irregular Coulomb wave functions are expressed in terms of Bessel-Clifford function [1, 2] . Also, it has an applications in quantum mechanics. Because of these facts, several researchers have studied on some extensions and generalizations of Bessel and Bessel-Clifford functions [3, 16, 19, 21, 22, 23, 24, 38, 43, 68] . In that point, special functions play a remarkably important role. Pochhammer symbol or shifted factorial function is one of the most important and useful function in the theory of special functions. Familiar definition is given by (α) n = α(α + 1)(α + 2)...(α + n − 1) (1.1)
Also, factorial function (α) n can be expressed in terms of a ratio of gamma functions as (α) n := Γ(α + n) Γ(α) (1.2) and using the above definition, one can get 
(1.5)
Note that, hypergeometric series given by (1.5) converges absolutely for p ≤ q [28] . Substituting p = 0 and q = 1, a 2 = 1 + ν and replacing z with − The case p = 1 and q = 1, it is reduced to the confluent hypergeometric function which is
Chaudhry et al. [12] extended the confluent hypergeometric function as Note that, in our main Theorems the above extension of the hypergeometric function is used. Another kind of generalized and extended hypergeometric function was introduced in [61] as where ({K l } l∈N 0 ; z) is given by [60] ({K l } l∈N 0 ; z) := { J ν (z) = ( z 2 ) ν Γ(ν + 1)
and
Recurrence relations satisfied by usual Bessel and modified Bessel functions are given by [50] 2ν
Besides, spherical Bessel function of the first kind is defined by means of the Bessel function as follows
The following recurrence relations are satisfied by the spherical Bessel function [6] 
Moreover, Bessel-Clifford function of the first kind is defined by means of 0 F 1 (−; n + 1; z) as
which is a particular case of Wright function
, ρ > −1 and β ∈ C.
The connection between Bessel-Clifford function and modified Bessel function is given by [7] 
Recurrence relations satisfied by Bessel-Clifford function are given by [27] 
Recently, Srivastava et al. [56] generalized the Pochhammer function as
where Γ ρ is the extended Gamma function, which was introduced by Chaudhry and Zubair [13] as
and hence (λ; ρ) ν is defined by
It was proved that [56] 
In the light of these definitions and generalizations, unification of four parameter Bessel function is defined by
The case b = 1 and b = −1, generalized three parameter Bessel function of the first kind J 
respectively. Letting c = 1 and ρ = 0, J
ν (z; ρ) is reduced to usual Bessel function of the first kind J ν (z) and I (c) ν (z; ρ) is reduced to usual modified Bessel function of the first kind I ν (z). Furthermore, generalized four parameter spherical Bessel function is introduced by
The organization of the paper is as follows: In section 2, generating function, integral representation, Laplace transform and Mellin transform involving the unified four parameter Bessel function are obtained. Moreover, the expansion of the unified four parameter Bessel function in terms of a series of usual Bessel functions is presented. In section 3, derivative properties, recurrence relation and partial differential equation of the unified four parameter Bessel function are found. In Section 4, the Mellin transforms involving the products of the unified four parameter Bessel function are obtained. In Section 5, a three-fold integral representation formula for the unified four parameter Bessel function is given. In Section 6, generalized four parameter spherical Bessel and Bessel-Clifford functions are introduced by means of the unified four parameter Bessel function and some properties are obtained such as generating function, integral representation, Laplace transform, Mellin transform, series in terms of usual Bessel functions, recurrence relation and partial differential equation. Some of the corresponding results of the mentioned Theorems are new and some of them coincide with the usual cases. Finally, the special cases of the unified four parameter Bessel function are given as a table and the graphics of the generalized two parameter Bessel and the spherical Bessel functions are drawn for some special cases.
Unified Four Parameter Bessel Function
In the following Lemma, the relation between G 
Proof. It is clear that by (1.8), we have
Substituting −ν instead of ν yields
Taking ν + k for k, we get
which completes the proof. Taking b = 1 and b = −1 in Lemma 2.1, the relations of the generalized three parameter Bessel and modified Bessel functions of the first kind are obtained, respectively:
The following relations are satisfied by the generalized three parameter Bessel and modified Bessel functions of the first kind
Letting c = 1 and ρ = 0 in Corollary 2.1.1, the relations of the usual Bessel functions are given as follows:
The following relations are satisfied by the usual Bessel and modified Bessel functions
In the following theorem, the generating function of the unified four parameter Bessel function is given in terms of the generalized confluent hypergeometric function: Theorem 2.2 For t = 0 and for all finite z, n ∈ Z, we have
Proof. It is clear that we have
Taking −n − 1 instead of n in the first summation of the right hand side, we have
Now, using Lemma 2.1, we get
Plugging the series definitions of the unified Bessel function into right hand side, we have
Letting n − 2k instead of n, we get
Taking n − 1 instead of n in the first summation of the right side, we have
Taking into consideration of the following fact, which was proved in [50] , (Lemma 12, page 112-113)
Substituting the expansion of (t − b t ) n ,we get
Substituting b = 1 and b = −1 in Theorem 2.2, the generating functions of the generalized three parameter Bessel and modified Bessel functions of the first kind are obtained, respectively:
Corollary 2.2.1 For t = 0 and for all finite z and n ∈ Z, the generating functions of the generalized three parameter Bessel and modified Bessel functions of the first kind are given by
Taking c = 1 and ρ = 0 in Corollary 2.2.1 and considering the facts J
n (z; 0) = J n (z), I
(1) n (z; 0) = I n (z), the following Corollary is obtained: 
(t+ 1
In the following theorem, the integral representation of the unified four parameter Bessel function is presented: Theorem 2.3 The integral formula satisfied by the unified four parameter Bessel function is given by
where Re(c) > 0 and Re(ν) > −1.
Proof. Applying the generalized Pochhammer expansion into (1.8) and using the usual Pochhammer function expansion (1.2), we have
Interchanging the order of summation and integral under the conditions Re(c) > 0 and Re(ν) > −1, we have
Letting ν + 1 in place of α and taking k for n in the duplication formula (1.3), we have
Taking into consideration of (1.5), we have
Letting b = 1 and b = −1 in Theorem 2.3, the integral representations of the generalized three parameter Bessel and modified Bessel functions of the first kind are found, respectively: Corollary 2.3.1 Integral representations satisfied by the generalized three parameter Bessel and modified Bessel functions of the first kind are given by
Substituting c = 1 and ρ = 0 in Corollary 2.3.1, the following Corollary is obtained:
Integral formulas satisfied by the usual Bessel and modified Bessel functions are given by
where Re(ν) > −1.
Note that, some integrals involving usual Bessel functions were obtained in [4, 11, 15, 25, 49] . Taking t = u 1−u in Theorem 2.3, the following integral representation is found:
Integral representation satisfied by the unified four parameter Bessel function is given by
where Re(ν) > −1 and Re(c) > 0.
Theorem 2.4
The Laplace transform of the unified four parameter Bessel function is given by
where Re(c) > 0, Re(ν) > −1 and Re(s) > 0.
Proof. Laplace transform is given by
Substituting the series form of the unified four parameter Bessel function, we have
Replacing the order of summation and integral by the conditions Re(c) > 0, Re(s) > 0 and Re(ν) > −1, we get
Making the substitution st = u and using the Gamma functions for the above integral, we get
Finally, we have 
where
ν (z; ρ) is reduced to I ν (z) when c = 1 and ρ = 0, the following Corollary is presented for usual Bessel and modified Bessel functions :
The Laplace transforms of the usual Bessel and modified Bessel functions are given by
where Re(s) > 0 and Re(ν) > −1.
Taking ν = 0 in Corollary 2.4.2 and using the fact that [50] (
Laplace transform of the J 0 (t) and I 0 (t) are found.
Corollary 2.4.3 [42]
The Laplace transforms of the J 0 (t) and I 0 (t) are given by
Note that the Laplace transform of the modified Bessel functions of the second kind was obtained in [54] .
Theorem 2.5 Mellin transform involving the unified four parameter Bessel function is given by
where Re(ν) > −1 and s + ν = {0, −1, −2, ...}.
Proof. The Mellin transform is given by
Inserting the series forms of hypergeometric function, we have
Interchanging the order of integral and summation which is satisfied under the conditions of the Theorem, we get
Taking into consideration of the generalized Pochhammer function expansion (c; ρ) ν+2k , we get
Changing the order of integral and summation under the conditions Re(ν) > −1, s+ν = {0, −1, −2, ...} and Re(ρ) > 0, we get
Using the definition of the Gamma function and taking into consideration of (1.2), we have
The Mellin transforms of the generalized three parameter Bessel and modified Bessel functions of the first kind can be obtained by substituting b = 1 and b = −1 in Theorem 2.5, respectively. Thus, the following result is clear:
The Mellin transforms involving the generalized three parameter Bessel and modified Bessel functions of the first kind are given by
where Re(ν) > −1, Re(c) > 0 and s + ν = {0, −1, −2, ...}.
Substituting c = 1 and ρ = 0 in Corollary 2.5.1, the Mellin transforms involving the usual Bessel and modified Bessel functions are obtained. Thus, the following Corollary is given: Corollary 2.5.2 Mellin transforms involving the usual Bessel and modified Bessel functions are given by
Letting ν = 0 in Corollary 2.5.2 and using the fact that
the following result is obtained:
The Mellin transforms involving the usual Bessel function e −z J 0 (z) and modified Bessel function e −z I 0 (z) are given by
where Re(s) > 0.
Note that the Mellin transforms of products of Bessel and generalized hypergeometric functions were obtained in [46] . Corollary 2.5.4 Taking s = 1 in Theorem 2.5, the following integral formula is obtained
Taking s = 1 in Theorem 2.5 and substituting b = 1 and b = −1 respectively, the following Corollaries are presented: Corollary 2.5.5 Infinite integrals involving the generalized three parameter Bessel and modified Bessel functions of the first kind are given by
Integrals involving usual Bessel and modified Bessel functions are given in the following Corollary: Corollary 2.5.6 Infinite integrals involving the usual Bessel and modified Bessel functions are given by
Besides, the Mellin transforms satisfied by unified four parameter Bessel, generalized three parameter Bessel and modified Bessel functions of the first kind, usual and modified Bessel functions are obtained in the following Theorem and corresponding Corollaries, as well. Theorem 2.6 For the unified four parameter Bessel function, the Mellin transform is given by
Proof. The Mellin transform is given by
Interchanging the order of integrals which is valid due to the conditions of the Theorem, we get
Letting ρ = ut and using the Gamma function, which is presented in (1.4), in above integral we have
Now, writing the expansion of the hypergeometric series, we have
Interchanging the order of integral and summation which is true for Re(c) > 0, Re(ν) > −1, Re(s) > 0, we get
Using the Gamma function, we have
Applying (1.2) for the Gamma function Γ(c + ν + s + 2k), we have
By (1.3), instead of (c + ν + s) 2k , we can write 2 2k (
In the last step, using the hypergeometric expansion (1.5) and
in [69] , we have
The Mellin transform of the generalized three parameter Bessel and modified Bessel functions of the first kind can be obtained by substituting b = 1 and b = −1 in Theorem 2.6, respectively. Thus, the following result is clear: Corollary 2.6.1 For the generalized three parameter Bessel and modified Bessel functions of the first kind, the Mellin transforms are given by
Taking 
Letting s = 1 in Theorem 2.6, the following integral representation of the unified four parameter Bessel function is valid: Corollary 2.6.3 Infinite integral of the unified four parameter Bessel function is given by 
where Re(ν) > −1 and ν + m = {0, −1, −2, ...}.
The expansion of the unified four parameter Bessel function is introduced as a series of Bessel functions in the following Theorem: Theorem 2.7 Unified four parameter Bessel function is given by a double series of Bessel functions
where µ = ν and Re(ν) > −1, Re(µ) > −1.
Proof. Taking into consideration of the definition of the unified four parameter Bessel function, we have
Using Gegenbauer expansion [69] (page 143)
we have
Taking m − n for p, we have
Now, using the expansion of
and (ν + 1) n and (ν + 1) 2n ,we get
Applying the Cauchy product for the series [50] , we get
The expansions of the generalized three parameter Bessel and modified Bessel functions of the first kind are given by follows:
Corollary 2.7.1 The series expansions of the generalized three parameter Bessel and modified Bessel functions of the first kind are given by
Substituting c = 1 and ρ = 0 in Corollary 2.7.1 and then using Chu-Vandermode Theorem [5] 
the expansions of the usual Bessel and modified Bessel functions can be obtained.
Corollary 2.7.2 [69] Series expansions satisfied by the usual and modified Bessel functions are given by
J ν (z) = Γ(µ + 1) Γ(ν − µ) ∞ m=0 ( z 2 ) ν−µ+m Γ(ν − µ + m) Γ(ν + m + 1)m! J µ+m (z), µ = ν, Re(µ) > −1, ν − µ = {0, −1, −2, ...}, I ν (z) = Γ(µ + 1) [Γ(ν + 1)] ∞ m=0 ∞ n=0 ( z 2 ) ν−µ+m+n (−1) n J µ+m+n (z)(−m − n) n (µ + 1) n Γ(m + n + 1)n!(ν + 1) n , µ = ν, Re(ν) > −1, Re(µ) > −1.
Derivative Properties, Recurrence Relation and Partial Differential Equation of the Unified Four Parameter Bessel Function
Derivative properties and recurrence relations of the unified four parameter Bessel function are obtained in the following Theorems.
Proof. Substituting c − 1 in (1.8) and multiplying with z ν yields
Taking derivative with respect to z of z ν G
Then, multiplying the last series with z −ν+1 and differentiating with respect to z gives
Using (1.7), we get
Multiplying and dividing with the term (c) ν−1 of the right hand side, we have
Taking into consideration of the unified Bessel function and equation (1.7), yields
By (1.2), we get the result
The following Corollary is presented for the functions J 
ν−1 (z; ρ).
Theorem 3.2 Recurrence relation satisfied by the unified four parameter Bessel function is given by
Proof. Applying the similar process that is used in the previous theorem, one can get the result. Substituting b = 1 and b = −1 respectively in Theorem 3.2, the following recurrences are obtained:
Corollary 3.2.1 Recurrence formulas satisfied by the generalized three parameter Bessel and modified Bessel functions of the first kind are given by 
Proof. Taking derivative with respect to ρ in (2.2), the desired result is obtained. Taking b = 1 and b = −1 in Theorem 3.3, the derivatives of the generalized three parameter Bessel and modified Bessel functions of the first kind are calculated, respectively:
Theorem 3.4 The recurrence relation satisfied by the unified four parameter Bessel function is
Proof. Taking ν + 1 in place of ν in (3.1) and letting ν − 1 instead of ν in (3.2), then comparing these relations, one can get (3.4) . G 
ν+1 (z; ρ).
To obtain the recurrence relations satisfied by the usual Bessel and modified Bessel functions, one can substitute c = 2 and ρ = 0 in Corollary 3.4.1. In that case, J ν+1 (z; ρ) is reduced to I ν+1 (z). Besides, considering the equations (1.1) and (1.8) in [50] (page 111), the recurrence relation of the usual Bessel function is obtained. The similar process can be applied to find out the recurrence relation of the modified Bessel function. 
Proof. Taking derivative with respect to z in the following recurrence formula [50] 2ν
it is directly obtained that
in the above recurrence formula and differentiating with respect to z, result is obtained as
Proof of the recurrence formula satisfied by modified Bessel function can be obtained as a similar way by means of the recurrence formulas given in Section 1.
In the following Theorem, the partial differential equation satisfied by the unified four parameter Bessel function is obtained. 
Proof. Taking ν − 1 in place of ν in (3.2) yields
and letting c − 1 in place of c in (3.1), we get
In equation (3.3), substituting c − 1 in place of c, we get
(z; ρ) from (3.1) and inserting that into (3.6), we get
Plugging (3.9) into (3.10), we have
Applying the derivatives, we get 
respectively. 
Proof. Taking into consideration of the following partial derivatives
in the partial differential equation (3.5), we get
is a solution of (3.12).
Mellin Transform of Products of Two Unified Four Parameter Bessel Functions
In this Section, the Mellin transform involving products of two unified four parameter Bessel functions are obtained. To obtain this, integral representation of the product of the unified four parameter Bessel functions should be calculated.
Theorem 4.1 Let α, β ∈ R. Double integral representation satisfied by the multiplication of the unified four parameter Bessel functions is given by
where Re(c) > 0, Re(ν) > −1 and Re(w) > −1.
Proof. Considering series definition of the unified four parameter Bessel function, it can be written as
Using the generalized Pochhammer function for (c; ρ) 2k+ν and (c; ρ) 2l+w , it is clear that
Now, using (1.2) yields
Recalling the fact that given double power series
x m y n m!n! converges absolutely for all complex x and y when 1 +
(see [57] in (3.10)). Comparing the given power series with the double series of the right hand side of
w (βz; ρ) and replacing the order of the integrals and summations where δ j = 0,
, the following is obtained
After some calculations in series, summations can be written as
Substituting the last relation inside of the integrals and using usual Pochhammer function expansions, the desired result is obtained as 
where Re(c) > 0, Re(ν) > −1 and Re(w) > −1. 
where Re(ν) > −1 and Re(w) > −1.
In the following Theorem, the Mellin transform of the zG
w (βz; ρ) is given by
Proof. Mellin transform can be written
Inserting the integral representation of the G
w (βz; ρ) and expanding the hypergeometric series and using the expansion of the generalized Pochhammer functions, we have
Replacing the order of integrals and summations, we get
Now, computing the integrals in terms of the generalized Pochhammer functions and Gamma function, we have
Taking s = 1 in Theorem 4.2, the following integral representation formula is obtained.
Corollary 4.2.1 Infinite integral involving of the unified four parameter Bessel functions is given by
where Re(ν) > −1 and Re(w) > −1. 
For the products of usual Bessel and modified Bessel functions, the following Corollary can be written.
Corollary 4.2.4
Integral representations satisfied by the usual Bessel and modified Bessel functions J ν (αz), J w (βz) and I ν (αz), I w (βz) are given by
(−1) k+l α 2k β 2l Γ(ν + 2k + 1) Γ(w + 2l + 1) Γ(ν + w + 2k + 2l + 2)
α 2k β 2l Γ(ν + 2k + 1) Γ(w + 2l + 1) Γ(ν + w + 2k + 2l + 2)
Note that, the Mellin transform of the products of Bessel functions was obtained in [45] . Recalling that the integrals
arises in problems involving particle motion in an unbounded rotating fluid [20, 65] in magnetohydrodynamic flow, crack problems in elasticity [66] and distortions of nearly circular lipid domains where v, w ∈ Z + and α, β ∈ R + [64] . Taking f (x) = xe −x the result of the corresponding Theorem coincides with this integral.
A Three-Fold Integral Formula for the Unified Four Parameter Bessel Function
In the following Theorem, a three-fold integral formula for the unified four parameter Bessel function is given:
Theorem 5.1 A three-fold integral formula satisfied by the unified four parameter Bessel function is given by
where Re(c) > 0, Re(ν) > − Proof. Considering series expansion of the unified four parameter Bessel function as and applying duplication formula for the Gamma function [23, 58] 
.
Again, using duplication formula, we get
Now, inserting the Beta functions,
Inserting the generalized Pochhammer function
Making substitution y = s 1−s in the first integral on the right side, we have
Taking into consideration of the Legendre's duplication formula for the function Γ(4k + 1)
and applying (1.2) and (1.3), we have
Now, replacing the order of summation and integrals, we get
Using hypergeometric series expansion, the result is obtained 
where Re(c) > 0 and Re(ν) > − 
where Re(ν) > − 
Generalized Four Parameter Spherical Bessel and Bessel-Clifford Functions
In this Section, generalized four parameter spherical Bessel and Bessel-Clifford functions are defined by
respectively. Taking into consideration of the definition of the unified four parameter Bessel function, the mentioned generalized functions can be written as
Taking b = 1, c = (z; ρ) is reduced to usual Bessel-Clifford function of the first kind C ν (z). Since the proofs of the corresponding Theorems for the generalized four parameter spherical Bessel and Bessel-Clifford functions are similar with the unified four parameter Bessel function, details are omitted. Note that using the monomiality principle, multiplicative and derivative operators of the usual Bessel-Clifford function were introduced and studied in [10, 18, 59] .
Proof. It can be directly seen from Lemma 2.1 in Section 2.
Corollary 6.1.1 Let ν ∈ Z. The relation between C −ν (z) and C ν (z) is given by
Theorem 6.2 Let n ∈ Z. For t = 0 and for all finite z, generating functions of the generalized four parameter spherical Bessel and Bessel-Clifford functions are given by
Proof. To prove the generating function for the generalized four parameter spherical Bessel function, we take into consideration of the following relation
Substituting n − 1 2 for n and c + 1 2 for c, we have
Taking summations on both sides of the equality yields
n (z; ρ)t n . ) 0 (x) FIGURE 12 Graph of g Digital signal processing affords greater flexibility, higher performance (in terms of attenuation and selectivity), better time and environment stability and lower equipment production costs than traditional analog techniques. A digital filter is simply a discrete-time, discrete-amplitude convolver. Digital filters are commonly used for audio frequencies for two reasons. First, digital filters for audio are superior in price and performance to the analog alternative. Second, audio analog to digital converters and digital to analog converters can be manufactured with high accuracy and are available at low cost. To design a digital filter, there are some known methods such as Fourier series method, frequency sampling method, window method. Besides, there are other various design methods to design a filter. For instance, Neural Network [8, 35] , Genetic Algorithm [48] , Particle Swarm Optimization [41, 71] , Discrete Cosine Transform [67] , Chebychev Criterion [34] , etc. Among of them, Kaiser Window [52] has an advantage of trading-off the transition width against the ripple that is defined by w n = { where Re(c) > 0. The case c = 1, it is reduced to usual Kaiser-window function w n . Some properties of Kaiser-window function can be applied to generalized Kaiser-window function, as well.
By

